Let GCAutðAÞ be a discrete group which is exact, that is, admits an amenable action on some compact space. Then the entropy of an automorphism of the algebra A does not change by the canonical extension to the crossed product A Â G: This is shown for the topological entropy of an exact C Ã -algebra A and for the dynamical entropy of an AFD von Neumann algebra A: These have applications to the case of transformations on Lebesgue spaces. r
Introduction
The notion of the Kolmogoroff-Sinai entropy in the ergodic theory was brought into the theory of finite von Neumann algebras by Connes-St^rmer [9] , as a noncommutative extension. Replacing the finite trace to a state, it was extended to general von Neumann algebras and to C Ã -algebras by Connes-NarnhoferThirring [8] .
In the ergodic theory, we are given a probability space ðX ; mÞ together with a measure preserving nonsingular transformation T of X : Then we have the abelian von Neumann algebra L N ðX ; mÞ with the trace t m induced by m and the automorphism a T of L N ðX ; mÞ induced by T: In this setting, the Connes-St^rmer entropy Hða T Þ with respect to the trace t m is nothing but the Kolmogoroff-Sinai entropy hðTÞ:
The noncommutative algebra M is given from this dynamical system ðX ; m; TÞ by taking the crossed product M ¼ L N ðX ; mÞ Â a Z: The automorphism a T is extended naturally to the automorphism a T of M; and it preserves the natural extension t m of t m : As a logical consequence, the following question was asked by St^rmer [16] : Do we have Hða T Þ ¼ hðTÞ?
The first positive answer is due to Voiculescu who showed the equality for an ergodic measure preserving Bernoulli transformation T: It was an application of the result on his topological entropy htðÁÞ introduced in paper [19] for automorphisms of nuclear C Ã -algebras. Let us replace the integer group Z to a discrete group G; and take the crossed product L N ðX ; mÞ Â a G with respect to an action a of G on X with m 3 a g ¼ m: An automorphism T of X ; such that m 3 T ¼ m and a g T ¼ Ta g for all gAG; gives an automorphism y T of L N ðX ; mÞ; and y T can be canonically extended to the automorphism y T of L N ðX ; mÞ Â a G: The state m has the natural extension % m to L N ðX ; mÞ Â a G which is y T -invariant. In the case where G is amenable, Golodets and Neshveyev [12] showed the entropy equality for T and y T :
There is a large class of interesting nonamenable discrete groups such as free groups F n ; nX2 and discrete subgroups of connected Lie groups, etc. However each of these nonamenable groups has an amenable action on some compact space [1, 2, 14] .
A discrete group G has an amenable action on some compact space if and only if G is exact in the sense of Kirchberg and Wassermann [13] , that is, its reduced group C Ã -algebra C Ã r ðGÞ is exact. This is first proved by Ozawa [14] . In this paper, we show the following theorem which states that amenability of G is not always necessary and it is replaced with the exactness. Theorem 1. Let ðX ; mÞ be a Lebesgue space, G an exact countable discrete group, and a an action of G on X with m 3 a g ¼ m for all gAG:
If T is an automorphism of ðX ; mÞ such that m 3 T ¼ m and a g T ¼ Ta g for all gAG; then Hðy T Þ ¼ hðTÞ;
where hðTÞ is the Kolmogoroff-Sinai entropy and Hðy T Þ is the Connes-St^rmer entropy for the canonical extension y T of T to the finite von Neumann algebra L N ðX ; mÞ Â a G with respect to the trace t m : Theorem 2. Let M be an approximately finite-dimensional von Neumann-algebra with a normal state f; G an exact discrete countable group, and a an action of G on M with f Á a g ¼ f for all gAG:
If y is an automorphism of M such that f 3 y ¼ f and a g y ¼ ya g for all gAG; then
where % f is the canonical extension of f to M Â a G:
On the other hand, let us consider the case of ðX ; mÞ like the product space ðf1; y; ng G ; m #G n Þ: Here m n is the equal weights probability measure on the set f1; y; ng: Then Theorem 1 is also obtained as an application of the following Theorem 3 which is a generalization of Dykema and Shlyakhtenko [10, Proposition 1.2] and Choda [6, Corollary 3.5] about the topological entropy htðÁÞ due to Voiculescu [19] and Brown [3] .
Theorem 3. Let A be a unital exact C Ã -algebra, G an exact discrete countable group, and a an action of G on A:
If bAAutðA Â a GÞ satisfies bðl g Þ ¼ l g for all gAG and bðp a ðAÞÞ ¼ p a ðAÞ; then htðbÞ ¼ htðbj p a ðAÞ Þ:
Here p a is the representation of A and l is the unitary representation of G such that A Â a G is generated by fpðAÞ; l G g:
Basic notations
Throughout this paper, we refer [3, 5, 9, 8, 19] (cf. [17] ) for definitions and notations about their notions of entropy. For exact C Ã -algebras, we refer [20] . Here, we describe some basic notations and we fix them.
Crossed product
Let A be a unital C Ã -algebra (resp. von Neumann algebra), G a discrete countable group and a be an action of G on A; that is a homomorphism from G to the automorphism group AutðAÞ of A: We may assume that A is acting faithfully on a Hilbert space H: The crossed product A Â a G is the C Ã -subalgebra (resp. von Neumann subalgebra) of Since G is discrete, there exists a conditional expectation E of A Â a G onto p a ðAÞ such that Eðl g Þ ¼ 0 for all gAG except the unit. If f is a state of A with f 3 a g ¼ f for all gAG; we denote the state f 3 E by % f and call it the canonical extension of f to A Â a G:
If yAAutðAÞ commutes with a g for all gAG; then there exists an automorphism % yAAutðA Â a GÞ such that
We call the % y the canonical extension of y:
Exact groups and amenable actions
A discrete group G is exact if and only if G has an amenable action on some compact space [14] . Various equivalent conditions for this characterization on exact groups are given by many authors (cf. [1, 2, 5, 14] ).
In this paper, we mean by exactness of a discrete group G that the canonical action a G below is amenable. We adopt the amenability of the canonical action a G in [5] 
Dynamical entropy
In this section, we give a proof of Theorem 2 by applying the methods in [12, 5] . We give an estimation for htðÁÞ in a relation to the dual entropy haðÁÞ for automorphisms of exact groups by Brown-Germain [5] . A similar relation was obtained in [7] for dynamical entropy defined there when G is amenable.
ARTICLE IN PRESS
Later, we describe its application to the paper [11] .
Proof of Theorem 3. Assume that bðl G Þ ¼ l G and bðp a ðAÞÞ ¼ p a ðAÞ: We may assume that A is acting faithfully on a Hilbert space H: The map i : A Â a G-Bðl 2 ðGÞ#H#l 2 ðGÞÞ given by iðxÞ ¼ x#1 is a faithful representation. Since G is discrete and a G is amenable (i.e. G is amenable at infinity), it follows that A Â a G is exact by Anantharaman-Delaroche [1, Theorem 4.6] (or the proof below shows the exactness of A Â a G). Hence htðbÞ ¼ htði; bÞ by the definition, and to prove Theorem 3 we only need to show that htði; bÞphtðbj A Þ because the other is clear.
Let K be a finite subset of G and o be a finite subset of A: 
Hence jjCFðzÞ À iðzÞjjod for all zA
This implies that rcpð S nÀ1 i¼0 b i ðo K Þ; dÞpjF jrankðBÞ so that Now we back to the condition for b as in Theorem 3, that is, bðl g Þ ¼ l g for all gAG; then haðb G Þ ¼ 0 and bða g ðaÞÞ ¼ a g ðbðaÞÞ for all gAG and aAA:
Hence we have that htðbÞphtðbj p a ðAÞ Þ:
The inverse inequality holds always and we have the conclusion. & Application of ðÃ Ã ÃÞ: Golodets and Boyko [11] investigated an interesting automorphism g of a C Ã -algebra N which arises in connection with Gibb's states in the Ruelle theory of dynamical systems. Then N is the crossed product CðT 2 Þ Â a G by a dense discrete subgroup G of the 2 dimensional torus T 2 ; and g is defined by a 2 Â 2 matrix, and satisfies that gðp a ðCðT 2 ÞÞÞ ¼ p a ðCðT 2 ÞÞ; gðl G Þ ¼ l G :
Their main result [11, Theorem 3] is the estimate that htðgÞp2 log 3þ ffiffi 5 p 2 by using the approach in the proof of Choda [6, Proposition 3.3] . In their proof they need that for an abelian group G; an aAAutðGÞ and it's dual # aAAutðĜÞ satisfy that htð# aÞ ¼ hðaÞ: They wrote that this holds by the Peters formula [15] . Here the left-hand side is the classical topological entropy and the right-hand side is the invariant defined in [6] .
As an application of ðÃÞ-ðÃ Ã ÃÞ; we can show their estimate, although g does not commute with the action a: In fact, in their case, it is possible to choose a nice o which satisfies the above ðÃÃÞ and generates CðT 
